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Abstract

In this paper, we study the critical dissipative quasi-geostrophic equations in scaling
invariant spaces. We prove that there exists a global in time solution for small data 6y €
L>* N H' such that Z(0y) € L™, where Z is a Riesz transform. As a corollary, we prove
that if in addition, 8y € BY, ,, 1 < ¢ < 2, is small enough, then 6 € L*BY, N LIBL .

00,q?

1 Introduction

In this paper, we are concerned with the dissipative quasi-geostrophic equations in two dimen-
sions. These equations are derived from the more general quasi-geostrophic approximation for
nonhomogeneous fluid flow in a rapidly rotating three-dimensional half-space with small Rossby

and Ekman numbers. The system of equations in two dimensions is given by

0, +v- VO + k(—A)0 =0

(DQG) { v = (—RQH, R19)

where the scalar function 6 represents the potential temperature, v is the fluid velocity, and
0 <a<1. (=A)is a pseudo-differential operator and we denote by A%?*, which means that
F (A2 f) = |€]**F(f). Here, Ry, Ry are the usual Riesz transforms:
a—1 Zfl ;
Rif() = 7 (g f@)@), 1=1.2
For the simplicity, we take kK = 1. The cases o > %, a = %, and a < % are called respectively

sub-critical, critical and super-critical.
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The critical quasi-geostrophic equations are the dimensionally correct analogue to the three
dimensional Navier-Stokes equations. In two dimensions, the Navier-Stokes equations are glob-
ally well-posed, while the regularity problems for the Navier-Stokes equations in three dimensions
are still open. However, the regularity problems for the critical quasi-geostrophic equations are
solved recently by two groups. Caffarelli-Vasseur [3] proved the global Holder regularity to the
critical quasi-geostrophic equations. They use harmonic extension to prove a gain of regularity
of weak solutions. Kiselev-Nazarov-Volberg [14] also proved that the critical quasi-geostrophic
equation with periodic smooth initial data 6y has a unique global smooth solution by using the
modulus of continuity argument.

In this paper, we consider (DQG) in scaling invariant spaces. Solvability of evolution equa-
tions in scaling invariant spaces are well-developed in the context of the Navier-Stokes equations.
For example, if we restrict function spaces to the energy spaces, the optimal result is due to

Fujita-Kato in [11]. Later, Chemin [6] proved similar results in the framework of Besov spaces,
d

L4
BJ4 . Let us obtain the scaling invariant critical spaces for (DQG). Since the equation is

invariant under the following scaling,

Ox(t, x) = A22710(\2*t, \z), with initial data 0)(0,z) = Oxo(x) = N2> 10y (\x)

L1+2-2a
E; P
D,q

s < s, are called respectively super-critical, critical and sub-critical. For global in time results

are critical spaces in Besov spaces. Let s, = 1+ % —2a. The cases s > s, s = s, and

with small initial data in critical Besov spaces with p < oo, see [2], [4], [7], [13], [19], and [20]
and references therein. Finally, Dong-Du [10] proved the global wellposedness result for large
data in H'.

For p = o0 and a = %, L™ is a critical space in Lebesgue spaces. However, it seems that L>
is not a suitable space for the problem because the velocity field v is an image of the singular
integral operator so that v is in BMO, not in L*°. Instead, people have studied the problem in
Besov spaces 32071 because the Riesz transforms commute with dyadic operators A;. ([1], [12])

In this paper, we deal with the critical dissipative quasi-geostrophic equations in L> with
some additional conditions on initial data. As mentioned earlier, the main difficulty is that v is
in BMO if 6 is in L*°. Moreover, to estimate the velocity in L°® in terms of 6 in energy space H?,
then s should be strictly bigger than 1. Nevertheless, we can obtain a solution in the limiting

space L N H'. The main result of the paper is the following.

Theorem 1.1 There exists a constant €9 > 0 such that for any 0y € L™ with
[1Bol[ Lo + [[vol[zee 4 |10l s < €0

the critical quasi-geostrophic equation has a unique solution @, which belongs to L{°(L N HYL).



Remark 1 Dong-Li [10] proved that there exists a global solution for large data in H'. In this
paper, we only focus on the persistence the L norm of the solution so that we solve the problem

globally in time for small data in H.

Corollary 1.2 Under the condition of Theorem 1.1, if in addition, 6y € ngq, 1<qg<?2,is
small enough, then 6 € [N/tooBgo’q N E%Béoq

Remark 2 Recently, Wang-Zhang [18] proved that there exists a global in time solution for the

critical quasi-geostrophic equations for large data in inhomogeneous spaces ngq, q < o0, and
for small data in Bgopo. The reason why they take inhomogeneous spaces is that homogeneous
spaces behave badly in negative indices. In our paper, we prove the global well-posedness for
small data in homogeneous spaces ng, 1 < g < 2. We take the range of q in [1,2) to make

H! ¢ ngq and Bgo,q ¢ H'. We still do not know, however, whether or not the solution is
globally defined for large data.

Remark 3 In this paper, we strongly relied on the H* estimate to take V6 in L*. Then, we
can take the Oseen kernel L3 in space. (As one can see, the Oseen kernel is not integral.) But,

we do not know how to solve the problem without the assumption that 6y € H.

1
Notations: e P, = —QP(E), P(x) = ————— is the Poisson kernel in two dimensions. We
e (14 o)}

also denote it by e .

e L7 X denotes a function space, which is defined on time interval (0, cc) with values in a Banach
space X.
e A < B means there is a constant C' such that A < CB.

2 Preliminaries

2.1 Littlewood-Paley Decomposition

We take a couple of smooth functions (, ¢) supported on {&;|£| < 1} with values in [0, 1] such
that for all ¢ € R?,

XEO+D P27 =1

J=0

where 1 (§) = gb(%) — ¢(£). We denote ¥(277¢) by 1;(€). This is called the Littlewood-Paley
dyadic partition of unity. We apply this decomposition to elements in .#". Let

Nju=0 if j< -2 A_ju=x(D)u=hxu with h=F"1y



ANju=1;(D)u = 2jd/h(2jy)u(:c —y)dy with h=.ZF"1p, if j>0

We define a nonhomogeneous Littlewood-Paley decomposition as follows.
oo
u= Z Aju, uvweS
j=—1

We also define a homogeneous Littlewood-Paley decomposition. We take a couple of smooth

functions (x, ¢) as before. We define homogeneous dyadic blocks by
Au=$(27D)u forall j€Z, Sju=x(27D)u forall jcZ

Then, for v € .7, we have u = Z Aju modulo a polynomial only.
JEL

2.2 Besov Spaces

Let s € R, p,q € [1,00]. Then the inhomogeneous and homogeneous Besov semi-norms are

defined, respectively, by

. 1 . 1
|ullB;, = [|Soul|r + ( Z 298| Ajul|] p) e, HUHB;q = (ZQWHAJ‘UH‘]LP)Q
j>—1 ’ JEL

If u is time-dependent,

. 1 . 1

ullpeps = [1Soullpere + 110 ) 271 AullTn) ey ullpess =11 29°[AzullTs) e

tPp,q t t tp,q t
j>—1 JEZ

By changing the order of time integration and the summation, we define semi-norms as

. 1 . 1
ullzg . = I1Soullpre + (3 29%185ull%p )7, Iullzgs, = (30 29°185ulld, )0
Jj=—1 JEL

By changing these orders, one can avoid the time singularity at the origin of the heat kernel when
we estimate the solution in the integral form in chapter 4. According to Minkowski inequality,

we have

lllzgmy < lulligss,  p<ar lullzpm, > lullipm;, i p>a

The main reason of decomposing a tempered distribution into a sum of dyadic blocks A ju, whose
support in Fourier space is localized in a corona, is that we can apply the Sobolev embedding
to each dyadic blocks. This fact is illustrated by the following Bernstein’s lemma. For its proof,
see [5].



Lemma 2.1 (a) Let 1 <p<q<oo, keN, and R> 0. For f € & whose Fourier transform
f is supported in the ball €] S AR,

fo' < \k < d(+-1)
‘s?pk\la Fllee S X flees (1 flle S A2 97| fl]ze

(b) For f € ¥ whose Fourier transform f is supported in the corona €] ~ AR,

Sup 10 Fllze = e[| fllze, 1 fllze S XG D1 £llze

From this Lemma, we can prove the following two embedding properties, which we will use in

chapter 3 and chapter 4.

d

d
.2 - |
By cL® Br CL®forp<d

The fundamental idea of the paper [6] is to localize the heat equation and estimate each dyadic
block in LfLY. Then, one can extract maximal regularities in L! in time from the heat kernel.
We need the same estimates for fractional Laplacians. These are proved in [12]. They imitated

the same idea in [6].

Lemma 2.2 Let € be a ring. There exists a positive constant C such that for any p € [1, 0],

for any couple (t,\) of positive real numbers, we have
|[etBul| e < Ce_t()‘)QHuHLP for supp i € A€

2.3 Paraproduct

The concept of paraproduct is to deal with the interaction of two functions in terms of low or

high frequency parts. For u, v two tempered distributions, we have the formal decomposition:
uY = Z VAVIVANL);
i’j
Definition 2.3 Let u and v be two tempered distributions. Then,

w = Tyv + Tyu + R(u,v)

u’U—ZAuAU—ZS] 1, R(u,v) Z AUA/U
<=2 Jer li—i'I<1

where Sju = Z Aqyu. We list some continuity properties for the inhomogeneous paraproduct
1<j—1
and the remainder. The reader is referred to [9] for more results on the subject.



Proposition 2.4 Let 1 <p,q < oo and s € R.

(i) T is a bilinear continuous operator from L> x By . to By . such that
o0 S S < |S|+1
Tl #(zxB; ,~B5,) S C

(ii) Let (s1,82) € R? and 1 < p,p1,p2,q,q1,q2 < 0o. Assume that

1 1 1 1 1 1
St =L §§?+qja s1+s2>0
en, the remainder R maps suc a
Then, th der R maps Byl . x B2 . to By, h that
C|81+82\+1
R(u,v < || 5= V|| 5s
L L

(iii) For s >0, By . N L is an algebra and
|luvl| s, S [lullpelvllg,, + [JvllLe<|lullB;,

2.4 Auxiliary lemmas

If one takes the L? — L9 type estimates to the Poisson kernel, then, the heat kernel generates the
time singularity near the origin appears. To control this singularity in terms of time integration,

we need the following Lemma.

1 X 1
Lemma 2.5 Hardy-Littlewood-Sobolev Inequality [16]: Let 0 < X\ < d, — + 7 + — = 2. Then,
p q

[ #@) o sow)duda| S 1151l gl
R4 JR4 ‘

In particular, for the one dimensional case,

|
[ ats)ds] < lall
0 [t—s|2

In this paper, we need to deal with the Riesz transform acting on the Poisson kernel. In fact,

we have a nice representation of such a kernel as follows.

Lemma 2.6 Oseen Kernel [15]: The operator Oy = ZK, is a convolution operator Oy f = Kixf,

where the kernel K satisfies



or a smooth function K such that for all o € Nd,
J
(1+ |z|)*0°K e L™

Here, # is a Riesz transform. In particular, K is in LP for p > 1.

Finally, we provide the LP estimate of the Poisson kernel and its image under the Riesz transform.

Lemma 2.7 For any 1 < p < o0,

1 1
1P|e S 070, | 2P|e S 62070

3 Proof of Theorem 1.1

In this chapter, we only obtain a priori estimate in L{°L* N L,?OH L After that, we will briefly

present how to construct a solution by iteration scheme. For the details, see [2], [4].

3.1 A priori estimate

First, we estimate the solution in H'. By taking one derivative to the equation,
00y +v-VOO + 0v -V — A0 =0

We multiply by 06 and do the energy estimate. Then,

1d 1
5 g7 109lIL2 + 1192 VOlIZz < / |00]|V6]|dv|dz < |[V6]| 2|Vl
By Sobolev embedding H icC L4,

d 2 1 2 < 1 2

g 1001lz2 +1102VOlI72 S [IVO][ 2102 Vo7,

~

Since Riesz transforms map H® to H?,

d 1 1
@Hﬁelliz +1102V0|[7, S [|V]|12]02 V8|72

(4)

This implies that there exists a global-in time solution 6 in L§°H In L%H 3 if initial data 6o is

sufficiently small in H.

Now, we estimate the solution in L°°. We represent the solution as the integral form:

O(t) = P x 0y — /Ot P_sx(v-VO)(s)ds



where % is the convolution operator in space variables. By taking L°° in space,

t
10()]] Lo [160][ Lo +/0 |Pt—s % (v - VO)(s)|| L ds

IN

t
S H90||L°<>+/0 1Pi=sll, 4llv(s)l| o= |[VO(s)][ pads
t

1
S Wollsm+ [ =l 196052

S 0ol + ol gVl 2

where we use Hardy-Littlewood-Sobolev inequality for the last inequality. As before, we can

estimate |[V|[z274 in terms of ||8%V9||L3L2 by the Sobolev embedding, which is small by the

H? estimate above. Since Riesz transforms do not map L to L, we have to estimate v in L

separately. We take a Riesz transform Z to (5).
t
BO) = B, 5 0y — / BP, o * (v V0)(s)ds
0
By doing the same calculation,
¢
120(8)]| e < ||%260]| Lo +/0 1ZFe—s|| 4v(8)l|Le<[[VO(s)]| ads

By using the representation of the Oseen kernel,

1
Vt—s

t
1Z20(8)]| L < ||%60]| Lo +/0 [[0($)[| o< [[VO(s)][ ads

The rest calculation is the same. In sum,

3
[101] Lge oo + [0l gopoe + 10| oo 1 + 11026212

(6)

3
< M0ollzee + lvollze + 100l + (116l oz + [[vllzgeroe + 161l oo prr + 1102011 212)* (9)

which implies the global existence of small solution in L{°L® N L H?.

3.2 Iteration

Let us define iterated system of equations. First, let 9(1)(15, x) = e t29y. Then, we define the

system of equations inductively.

6D 4 ) . yelntl) 4 AgintD) = g

(DQG (1)) 4 v = (—Ro6™, R19™)
6" =0
0 — Vo



We define a function X with a norm ||0]|x
[191lx = 1101l Lo roe +[vllegeroe + 110l e i + 11011 5 3
By a priori estimate,
167V ]1x S 1160l + 116 x - (167 (10)
This implies that {6} are uniformly bounded in X for small data 6y € L>® N H', vy € L.
In order to show the convergence to a function in X, we consider the evolution equations of
gn+1) _ g(n)
(0D — gy, () gD — g(r)) 4 (p() — (=D)L L A (9D — gy =0 (11)
with zero initial data. Again, by a priori estimate, one can show that

n n 1 n n—
I+D = ] S <16 — 6| (12)

This implies the existence of a unique solution in X.

4 Proof of Corollary

Again. in this chapter, we only obtain a priori estimate in E?ngq N I’tlBéo,q‘ First of all, we

take A; to the equation.
(Aﬁ)t + AAJQ = —A]‘(U . VH) (13)
Then, we can represent the solution A ;¢ in the integral form:
t
AB(E) = e MA Gy — / e AN (1 V) (s)ds (14)
0
We take the L® norm in the space variables. By Lemma 2.2, we have the following estimate.
) t )
18;0)] |z S e[| A60]| o +/ e |0 (0 - VO)(s)|| e ds (15)
0
By taking the L°° norm in time, and then taking (? for j € Z,

101250 o, , S Nollpg , +1lv-VOllzis (16)



By taking L' norm in time to (15), we obtain that
1l +110lzy5 S Wollg -+ llo-V6llzzs a7

Now, we estimate the nonlinear term ||v - V||7150 . Here, we use the paraproduct of v and 6.
t—00,q

We represent the product vé by
v =" S0+ Y Sihu+ Y A (18)
j=-1 j=-1 li—4"1<1

We apply the operator Ay to the product. Then, up to finitely many term,

Ap(v) = Spvied + SpflRv + > AjuA;0 (19)
j>k

We take L* norm and multiply by 2F.

28| g (v8)] | L

S 25 (18wl o[ Ak0l1zm + 1Sk0ll e | Apvllioe ) +25 D7 114011 a0e 18561
J>k

< 25 (JISkollsel | 2kB Il + [1Sk0loe kel oe ) +2° D7 2772710l oe] |40 oo (20)
>k

By taking L' in time,

20k @0) gz S 2 (1Skllageroell R0l g o + 115801 e el D40l o)

+ 28327999 | A jul | go oo |40 1 oo (21)
>k

Now, we use the fact that v € L> and § € L*°.
- VOllzipe  SNOllegerellOllzipy  +10llger=llollzp (22)
Since v the image of the Riesz transform,
o~ V0l g S (1611202 + |ollze =) 1611 51 (23)
Combining (17) and (23),
10l ze o, , + 11011225y, S MB0llg, , + (NOllzgoroe + [vllzger)lIO| Ly (24)

This completes a priori estimate. H

10
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